We will introduce new means of Cauchy's type
Introduction
Let Ω be a convex set equipped with a probability measure μ. Then for a strictly monotonic continuous function f, the integral power mean of order r ∈ R is defined as follows: for some η in the image of f u u ∈ Ω , provided that the denominator on the left-hand side of 1.3 is non-zero.
We can also note that from 1.3 we can get the following form of 1.2 :
where r, l, s ∈ R, r / l / s, r, l / 0. Moreover, 1.4 suggests introducing a new mean of Cauchy type. We will prove in Section 3 a comparison theorem for these means. Finally we will, in Section 4, give some applications. 
New Cauchy's mean
2.4
Monotonicity of new means
In this section, we will prove the monotonicity of 2.4 . We need the following lemmas for log-convex function. 
Proof. In 2, page 3 we have the following result for convex function f, with
Putting f log f, we get
after applying exponential function we get 3.1 .
The following two lemmas are proved for functionals in 3 Theorem 4 and Lemma 2, for Lemma 3.2 see also 4, Theorem 1 .
Lemma 3.2. Let us consider Λ t defined as
Λ t g, μ ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ M t t g, μ − M t 1 g, μ t t − 1 , t / 0, 1; log M 1 g, μ − log M t 0 g, μ , t 0; g log gμ − M 0 g, μ log M 0 g, μ , t 1.
3.4
Then, Λ t is a log-convex function.
Lemma 3.3. Let us consider Λ t defined as
Λ t ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 1 t 2 M t t f, μ − M t 0 f, μ , t / 0; 1 2 M 2 2 log f, μ − M 2 1 log f, μ , t 0.
3.5
Then, Λ t is a log-convex function. 
Theorem 3.4. Let t, r, u, v ∈ R, such that, t ≤ v, r ≤ u. Then for 2.4 , we have
Λ t,s f, μ ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ s 2 t 1 − s M t t f, μ − M t s f, μ , t / 0, s; s log M s f, μ − log M 0 f, μ , t 0; s f s log f − M s 0 f, μ log M 0 f, μ , t s.
3.8
And 3.7 becomes
3.9
From 3.9 , we get our required result.
Now when s < 0 by substituting g f s , t t/s, r r/s, u u/s, v v/s ∈ R, such that, v/s ≤ t/s, u/s ≤ r/s, t / r, v / u, in 3.4 we get 3.8 .
3.10
Now s < 0, from 3.10 , by raising power −s, we get
3.11
From 3.11 , we get our required result. Case 2 s 0 . In this case, we can get our result by taking limit s→0 in 3.8 and also in this case we can consider Λ t defined as in Lemma 3.3. Λ t is log-convex function. So, Lemma 3.1 implies that for t, r, u, v ∈ R, such that, t ≤ v, r ≤ u, t / r, v / u, we have
3.12
Therefore, we have for t, r, u, v ∈ R, such that, t ≤ v, r ≤ u, t / r, v / u:
which completes the proof. Journal of Inequalities and Applications
Further consequences and applications
In this section, we will represent the various applications of our previous definition of a new Cauchy mean and monotonicity of this above defined a new Cauchy mean.
Tobey and Stolarsky-Tobey means
Let E n−1 represent the n − 1 -dimensional Euclidean simplex given by
and set u n 1 − n−1 i 1 u i . Moreover, with u u 1 , . . . , u n , let μ u be a probability measure on E n−1 . The power mean of order p p ∈ R of the positive n-tuple x x 1 , . . . , x n ∈ R n , with the weights u u 1 , . . . , u n , is defined by
4.2
Then, the Tobey mean L p,r x; μ is defined as follows:
where M r g, μ denotes the integral power mean, in which Ω is now the n − 1 -dimensional Euclidean simplex E n−1 . We note that, since M p x, μ is a mean we have 
